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Chemotaxis is the collective movement of a population when triggered by presence of a chemical stimulus in
their environment. It plays an important role in many biological processes (healing, foraging, immune response). In
neuroscience, chemotaxis is crucial for axon growth: it enables the precise guidance of axonal growth cones to their
targets [3]. Recently, Calvez and Khonsari [2] proposed a chemotactic approach when modelling a rare type of multiple
sclerosis that manifests itself in concentric demyielination patterns.
It has been widely validated that chemotaxis is succesfully modeled on the macroscopic level by the Keller-Segel
system. It couples in a non linear way the population density ρ and the concentration of the chemical c:
(
∂t ρ(x, t) = ∇ · (∇ρ − χρ∇c), t > 0, x ∈ Rd
(1)
∂t c(x, t) = 4c − λc + ρ, t > 0, x ∈ Rd ,
Motivated by the study of this fully parabolic model using probabilistic methods, we give rise to a non linear SDE of
McKean-Vlasov type with a highly non standard and singular interaction:
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where T is an arbitrary time horizon and Kt (x) = − t3/2
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(3)
X0i,N i.i.d. and independent of W := (W i , 1 ≤ i ≤ N ),

where (Wti ) are N independent one-dimensional standard Brownian motions. At each time particle i is influenced in
a singular way by all the past of all the other particles.
From the probabilistic viewpoint it seems that such interaction has not been studied before in the literature. Adapting
the classical techniques of Sznitman [4], one would be able to treat the case of a regular interaction kernel K and
prove the propagation of chaos of (3) towards (2). However, additional arguments are required for a singular kernel.
In [5], we prove the existence and uniqueness of a weak solution to (2) in d = 1 with the assumption that initial
distribution has a density and that b is uniformly bounded. To get this result we use an accurate estimate on densities
of one-dimensional diffusions with bounded measurable drifts which is obtained by stochastic methods and allows us
to control the L∞ norms of the time marginal densities of processes constructed in a Picard procedure; thanks to these
controls we are able to get uniform bounds on the sequence of drifts, which is essential both to tightness arguments
and to get uniqueness of the local solution to the non-linear martingale problem solved by any limit of the Picard
procedure. The most important assumption on K is the fact that it belongs to L1 ((0, T ]; L1 (R)) ∩ L1 ((0, T ]; L2 (R)).
In [1], we prove System (3) is well-posed and it propagates chaos to the unique weak solution of (2) in d = 1.
The difficulties arising from the singular interaction can be resolved by using purely Brownian techniques. Due to the
singular nature of the kernel K, we need to introduce a partial Girsanov transform of the particle system in order to
obtain uniform in N bounds for moments of the corresponding exponential martingale. This trick may be useful for
other singular interactions.
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